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SUMMARY

A& method for computing the geometry of the tip vortex of
a helicopter rotor in steady, forward flight, including the dis-
tortion due to the velocities induced hy the vortex wake, has
been developed. The relative importance of various parameters
and approximations used by this ﬁethod has been evaluated for one
test case, including comparison with experimental results ob-
2 tained from a rlow visualization study.
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NOMENCLATURE

T

anz(QR)2

Drag of the aircraft

, thrust coefficient

Vortex wake distortion as computed by the
latest iteration, nopndimensionalized by R

Vortex wake distortion as computed by the
previous iteration, nordimensionalized by R

~ -~y el
Combination of D and D' used to find D2 and D3

Vortex wake distortion of point Pi, nondimen-
sionalized by R

Vortex wake distortion of point Pn’ nondimen-
sionalized by R

P> S -
i, J, k components of D2
s A D —=dy
i, j, k components of D3

Nondimensional vortex wake distortion accumulated

in time interval 44/9

Number of turns (2r in azimuth) of the wake
below point Pn considered in the integration
of the Biot-Savart relation

Point locating the element of vorticity whose
wake distortion is being compuy 1

Point locating the upper (larger azimuth)end of
the vo.tex segment whose induced velocity at
point Pn 1s being computed

Induced velocity at point Pn due to a trailing
vortex trailed from a given spanwise station
on a given blade, nondimensionalized by (r/4nF)
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Rotor thrust

Tip path plane
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Aircraft gross weight
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L, 1lift curve slope

Rotor blade coning angle, Fig. Al
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Rotor blade semichord

-
2 -7, Fig. A2
-

Xy + ¢ + 86), (v + ), Fig. Ab

Perpendicular dropped from point Pn to
the typical vortex segment

TPP incidence relative to free strecam
Unit vectors along x, y, z axes, Fig. Al

Spanwise location of point Pz at time t£ s
nondimensionallized by R

Spanwise station from which the inboard vortex
is trailed (normally 0.5), nondimensionalized
by R

Number of turns (27 in azimuth) for which the
wake distortion 1s calculated

An index

Number of 44 intervals through which the blade
is allowed to advance before Tﬁ' is up-dateh
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q Induced velocity due to a single vortex segment,
nondimensionalized by (r/4=R)

td Time at which the wake distortion at point
Pn is calculated

t2 Time at which the element of vorticity
located at point P2 was trailed

tn Time at which the element of vorticity located
at point Pn was trailed

X, ¥, 2 Coordinates of point P2 relative to point Pn’
Fig. A3

X952, Coordinates of the end of the typical vortex
segment which is not point Pz’ relative to
point Pn’ Fig. A3

r Circulation of a vortex segment

Q Rotor angular velocity

a(n,y) Angle of attack

-,

a,B Angles between % and T and between Db and'?,
Fig. A2

Y Circulation of a vortex segment, non-
dimensionalized by 2abaR

g Angle between the n blade and the % blade

n Spanwise location of point Pn at time tn,
nondimensionalized by R
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A Uniform, mean inflow from momentum theory,
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u Aircraft flight speed, nondimensionalized by @R
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I. INTRODUCTION

As rotary winged aircraft find wider applications greatly
improved performance is being required of them, e.g., greater
speed, better aerodynamic efficiency, and lower vibration levels.
To meet these requirements, a better understanding of rotor aero-
dynamics is needed.

A recent major improvement has been the replacement of the
classical uniform inflow assumption viith the uniform inflow due to
the tilt of the tip path plane (TPP) relative to the free stream
plus the nonuniform induced inflow cue to the vortex wake of the
rotor. This induced inflow due to the vortex wake has been cal-
culated, with the aid of high speed digital computers, by numeri-
cally integrating the Biot-Savart relation for the velocity in-
duced by a vortex element over some assumed vortex wake geometry
(e.g., see Refs. 1 through 4). The most common vortex wake geo-
metry assumption has been a "rigid wake". This assumes that the
vortex wake has the splral shape traced out by a point on one of
the rotor blades parallel to the tip path plane (TPP) and drifts
perpendicularly to the TPP with the classical uniform inflow ve-
locity. Reference 1l also tried a more refined approach which
left the rigid wake assumption unchanged parallel to the TPP, but
calculated the nonuniform induced inflow at the TPP using a
rigid wake assumption and used this, or some of its harmonics,
plus the uniform inflow component of the free stream to determine
the drift velocity of the vortex wake perpendicular to the TPP.

The approach taken here ;s to assume a rigid wake and cal-
culate the time history of induced velocity at various points in
the wake. This 1is integrated to obtain an improved estimate of
the wake geometry. This, in turn, is used to calculate a new
time history of induced velocity, etc., and the iteration con-
tinues until convergence is achieved. Various refinements to
improve convergence are required, but this iterative approach
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still requires a good deal less computation than allowing the
wale to distort continuously as the calculition of induced ve-~
locities proceeds, as in Ref. 9.

This report starts with a discussion of the choice of a
model for the vortex wake. The development of the computational
procedure used is outlined and some alternate techniques, now
discarded, are discussed. Some preliminary results are pre-
sented and some recommendations are made for future development.
The appendix presents a detailed outline of the computational '
procedure,
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II. VORTEX WAKE MODEL

A detailed model for use in calculating rotor airloads
would represent the rotor blades by lifting surfaces and the rotor
wake by vortex sheets. The calculation of the wake geometry would
involve the computation of the distortion and roll-up of these
vortex sheets due to their own induced velocities and those of the
lifting surfaces. As the vortex sheets rolled up into 1line vor-
tices viscous effects would become important in the vortex core.

Unfortunately, the above model is far too ambitious for
practical computations at present and a simpliflied model must be
constructed. The rotor blades can be represented by lifting lines
(bound vortices) instead of 1ifting surfaces. The vortex wake can
be represented by a set of trailins and shed line vortices instead
of vortex sheets. The trailing vortex lines are tralled aft along
streamlines relative to the rotor blade while the shed vortex
lines are shed parallel to the instantaneous position of the rotor
tlade.

For maximum thrust, the angle of attack and hence the bound
circulation should be as nearly constant, radially, as possible
over the outer portion of the blades, where most of the 1lift is
generated. An ideallized model of the radial bound circulation
distribution on a rotor might have constant bound circulation
from the 50 percent radius to the tip and zero circulation in-
poard. Thls would result in a pair of line vortices being trailed,
one from the tip and one from the 50 percent radius.

A relatively sharp cutoff of the bound circulation at the
tip of the rotor blade is normally obtained in actual rotor opera-
tion, and a concentrated tip vortex is observed (Ref. 5). The in-
tersection, or near intersection, of this concentrated tip vortex
with a rotor blade is thought to be a major cause of the high
harmonic, almost impulsive, airloads observed in flight (Ref. 6).
The location of this tip vortex 1s, therefore, likely to have a
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considerable effect on the high harmonic airloads.

The inboard bound circulation, however, normally tapers off
gradually in actual rotor operation, thus generating a broad
vortex sheet. It 1s questionable whether this inboard vortex
sheet ever rolls up tightly to become as concentrated as the tip
vortex. In any case, it does not seem to roll up near enough to
the rotor to induce large, high harmonic airloads similar to
those induced by the tip vortex. 3Since the determination of the
distortion and roll-up of the inboard vortex sheet requires too
much computation for practical applications, and since the geome-
try of this inboard vortex sheet does not affect the airloads
nearly as much as that of the tip vortex, the inboard vortex
sheet 1s represented by a set of undistopted, rigid wake vortex
lines.

Experience vwith rotor airload calculations haé shown that
for the far wale (the part of the wake more than 45 deg to 90 deg
behind the rotor in azimuth), a two trailing vortex model (a tip
vortex plus one inboard vortex) gives essentially the same results
as a many trailing vortex model since the circulation is sub-
stantially constant along the blade. For the near wake (the first
45 deg to 90 deg in azimuth behind the rotor of the wake) a many

"tralling vortex model is often necessary in airload calculations

when a rapid change in circulation exists. However, for a wake
geometry calculation induced velocities are calculated con the tip
vortex, not on the blade. Thus for computing the distortion of
the tip vortek, a éingle, rigld wake inboard trailing vortex,
typically trailed from the 50 percent spanwise station, repre-~
sents the inboard tralling vortex sheet about as well as several
rigid wake line vortices trailed from various Inboard stations
with a comblined circulation equal to that of the tip vortex.

To compute the geometry of the tlp vortex, the velocities
induced on the tip vortex by itself, and by the inboard vortex,
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must be calculated at various times. This computation involves
the integration of the Biot~Savart relation over the tip vortex
and the inboard vortex. Since this integral cannot be solved
analytically even for the relatively simple rigid wake case,
elther the geometry of the tip vortex must be approximated by
some analytically integrable geometry or numerical integration
must be used. As shown in Ref. 7, the best method for integrating
the Bilot-Savart relation in nonrigid wake cases is to break the
tralling vortex lines up into a set of short straight vortex line
segments each subtending an equal A¢ (typically A¢ = 15 deg),
where ¢ 1is the azimuth angle. The shed vorticity can then be
represented by straight vortex line segments connecting the
corners where two trailing vortex line segments meet, both on

the tip vortex and the inboard vortex at the same azimuth angle
(¢). PFigure 1 shows two turns (Un) of the spiral rigid wake of
one blade projected into the tip path plane (TPP), where £ = 1

is the tip vortex and £ = 0.5 is the inboard vortex trailed from
the 50 percent radius station.

The circulation of the various elements of vorticity in the
model must be defined for the comnrutation of induced velocities.,
The strength of the bound vortex as a function of azimuth angle
(time) 1s determined by a rotor airloads calculation using either
a distorted wake from a previous iteration of the wake geometry
computation or a rigid wake. The trailing wake vortex line seg-
ment between azimuth angles ¢ ~ 4¢ and ¢ is taken to have a con-
stant circulation equal to the circulation of the bound vortex at
azimuth angle ¢. The shed wake vortex line segment at azimuth
angle ¢ is taken to have a constant circulation equal to the dif-
ference between the circulation of the trailing wake vortex line
segments between azimuth angles ¢ — A¢ and ¢ and between azimuth
angles ¢ and ¢ + A¢.

At low advance ratios (p = flight speed/rotor tip speed)
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when the effec¢t of the self-induced velocities on the wake geome-
try 1s greatest, the bound circulation has a large steady state
value compared to its higher harmonics. A first approximation

for wake geometry calculations (as well as alrioad calculations,
see Ref. 2) is tc assume a constant value of the bound circulation
based on fhe mean thrust of the rotor. This results in a tralling
wake where all of the vortex line segments have equal circulation
and eliminates the shed wake.

This vortex line representati.n 1s inadequate when it is -
necessary to calculate the induced velocity at a point very close
to or on the tip vortex. For this case the effects of a finite
vortex core, where viscosity becomes important and the Biot-
Savart relation no longer applies directly, must be included. A
useful first approximation to the induced velocity inside a vor-~
tex corc is to assume solid body rotation of the vortex core with
an induced velocity at the outer edge of the vortex core equal to
the result given by the Biot-Savart relation at that point (see
Ref. 8). Thus for most cases it 1s only necessary to check
whether or not the polnt at which the induced velocity must be
calculated 1s inside the vortex core and apply either the Bilot-
Savart relation or the solid body rotation model.

For the case of calculating the velocity induced at & point
(P) on the tip vortex by the two immedliately adjacent vortex seg-
ments, the use of straight line vortex segments 1is inadequate,
since it would give zero induced velocity at point P duc to these
two vortex segments. These two vortex segments adjacent to point
P are therefore replaced by a circular arc vortex segment passing
through the three points determined by the ends of the vortex
segments (see Fig. Al). The velocity induced at point P by the
circular arc vortex segment is given by Ref. 9 as a function of
the vortex core size, the radius of curvature, the circulation,

and the vortex segment size (A¢).

e e
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Various sources estimate the vortex core diameter at from
0.1 chord to 1.0 chord. Work is under way at MIT to refine the
estimate of the vortex-core diameter, and to define the roll-up
process in more detail. For the case of a rotor in forward
flight, considered here, the results turn out to be very in-
sensitive to vortex core size. Tor other cases, such as a
highly loaded hovering propeller, the details of the rolling up
of the tip vortax just after it is trailed are likely to be much
more important.

Since the induced velocity calculated by the Blot-Savart
relation falls off as 1/(distance) vortex elements far away
from either the rotor or the portion of the wake being distorted
contribute very little to the induced velocity. For airload cal-
culations only the first two or three turns (2r in azimuth angle
= 1 turn) of the wake are significant so that the wake geometry
need only be calculated for this part of the wake. For wake dis-
tortion calculations only two or three turns of the wake below
the wake element whose distortion is being calculated plus any
wake above (nearer the rotor) the wake element need to be con-
sidered.

Consider the veortex element at the lower end(farthest away
from the rotor) of the section of wake whose wake geometry is
being calculated (two or three turns below the rotor). To cal-
culate the distortion of this vortex element, two or three turns
of the wake below this vortex element must be considered. For
this additional section of the wake, an extrapolated version of
the wake geometry must be used since its wake geometry cannot be
calculated directly. The extrapolation procedure used here
assumes that the wake has the sare distortion paiallel to the tip
path plane as it had at the lower 1limif of the calculated wake
geometry and drifts downward perpendicular to the tip path plane
with the fully developed, uniform rotor inflow velocity from

momentum theory.
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III. DEVELOPMENT OF THE COMPUTATIONAL PRCCEDURE

Having arrived at a model for the vortex wake of the rotor,
the calculation of the wake distortion due to self-induced ve-
locities can be considered. A straightforward way to do this is
to start with M (say M = 2 or 3) turns (2vM in azimuth) of rigid
wake and compute the velocity induced by this wake on the element
of the tip vortex which is just being trailed from the blade tip.
Advance the blade A¢ in azimuth, gererating a new vortex line
segment, and compute the induced velocity at both the point where
it was calculated previously, which i35 now A¢ behind the blade,
and at the tip vortex element which is just being tralled from
the new blade position. Ncte that the calculation of the induced
velocity at the point A4 behind the blade only requires the ad-~
dition of the velocity induced by the newly generated vortex seg-
ment to that previously calculated for the rest of the wake. The
average of the two induced velocities calculated at the point A¢
behind the blade can be multiplied by the time interval 4¢/2 (where
Q is the rotor angular velocity) to obtain the wake distortion at
this point during this time interval.

The blade 1s again advanced by 4¢ and the induced velocity
is calculated at three points: at the blade tip, A¢ behind the
blade, and 2A¢ behind the blade. Since the point 2A¢ behind the
blade has moved relative to the rest of the wake, the induced
velocity at this point must be calculated by integrating over the
entire M turns of wake again. The distortion of the two points
A¢ and 2A¢ behind the rotor 1is calculated as before.

This process of advancing the blade 4¢ and calculating the
induced velocity and hence the wake distortion at an ever increas-
ing number of points continues until tbhe distortion is being cal-
culated over m < M turns (2wm in azimuth) cf the wake. Then as
a new vortex segment, and hence point at which wake distortion is
calculated, is added at the beginning of the wake, the calculation




of the distortion of the point 27m behind the rotor 1s stopped
and the extrapolation procedure is applied as needed. This is
because the wake geometry is only needed for the first m
(typically m = 2) turns (2mm) of the wake, as discussed aoove.
The blade continues to be advanced by 4¢ and the wake distortion
of the first m turns of the wake calculated until a stable wake
geometry is arrived at.

While the process described above is easily programmed to
be run on a digital computer, it requires a great deal of compu-
tation. For this reason, the above approach has not been tried at
MIT. Instead, the initial approach assumed that the wake distor-
tion from a rigid wake was small and an iterative procedure was
chosen. This starts out just like the procedure outlined above
but when the wake distortion is computed, it is merely stored ana
does not affect later induced velocity calculations. For the en-
tire first iteration, a rigid wake is used for induced velocity
calculations. When the blade has advanced through 2mm in azi-
mut., {4), the first iteration ends. The wake distortion is
calculated from the time history of induced velocity obtalned from
the first iteration and is used to calculate a wake geometry which
is then used for all induced velocity calculations in the second
iteration. This process continues until convergence is achieved.

This iterative procedure saves a great deal of computation
over the "run until stable” method since the points at which in-
duced veloclity 1is calculated do not move relative to the rest of
the wake. Thus, the integration of the Biot-Savart relation over
the entire wake does not have to be done repeatedly for the same
point. Recall that "the entire wake" means, for all practical
purposes, only M turns (2vM) of the wake below the point at which
induced velocity is calculated and all of the wake above that
point, as discussed previously.

In order to obtain converged solutions with this technique,
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some refinements are needed. This is because of the [1/(distance) ]

variation of the Biot-Savart relation for induced velocities. When
an element of the tip vortex finds itself in a region of high in-
duced velocity, it is swept along rapidly with the induced velocity
and 1s likely to find itself soon in a region with a considerably
different induced velocity. In a method which only allows *he
wake to move relative to itself at the end of each lteration an
element of vorticity which happens to be in a region of high in-
duced velocity initially will remain there for the whole iteration
and thus accumulate a large (and unrealistic) distortion.

An obvious way to improve this situation is to update the
wake geometry being used to calculate induced velocities with the
current calculated wake geometry every few (nl) A¢. Thus every
time the blade advances through nlA¢ in azimuth the Biot-Savart
relation must be integrated over the entire wake again, since
the points at which induced velocities are calculated have moved
relative to the rest of the wake. The key questions in this
method are now how large can n, te and how many iterations are
required for convergence (see the Results section of this report).
This iterative method 1s our current approach for calculating wake
geometry. Appendix A outlines the computational procedure in con-
siderable detail.

10




IV. RESULTS

Some preliminary results, run to evaluate the relative im-
portance of various parameters and approximations, are presented
here. These preliminary results ware all run for the same stand-
ard case (g = 0.,1125, A = 0.04) to zllow them to be compared with
some experimental wake geometry results obtained by emitting
smoke from the tip of one blade of a two-bladed rotor running in
a wind tunnel. The wake geometry results are presented in the
figures. Airloads have been computed using some of these theo-
retical wake geometry results but they are not presented here due
to a lack of experimental airload data for comparison.

The experimental (test) data presented here is from some
preliminary work to be reported in Ref. 11. This work is being
continued under Army Research O0ffice sponsorship (contract DA-31-
124-ARO-D-470). "he test dava wes obtained by ejecting hot oil
smoke downstream from one blade tip of a two-bladed, articulated
rotor operating in the return section (10 ft x 12 ft) of a closed
circuit wind tunnel. Simultaneous photographs from below and
from one side were taken and the coordinates of various points
on the tip vortex were comnuted frcm this data with the aid of a
high speed digital computer. These coordinates have been plotted
and are the curves labeled "test" or the figures. Due to experi-
mental difficulties, no data points were obtained in the dashed
portion of the wake and this has been sketched in. Although the
theoretical wake geometries are computed for a full 4dn of the
wake only 37 to 3.57 of test data have been obtained. The measured
characteristics and operating conditions of the rotor for the
standard case are: R = 2.425 ft., b = 0,125 ft., o = 0.0657, Q =
200 rpm,Locke Number = ZDHDR“/I = 2.2, V= 353 fpm, 6(pitch angle)
= 7.1 deg, 1 = — 12.5 deg, ao(shaft angle) = 15.1 deg. The cal~
culated rotor operating conditions for the standard case are:

p = 0.1125, CT = 0.0036, A = 0.040, — p tan 1 = 0.025, Yo = 0.0465.

11
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Due at least partly to wind-tunnel turbulence, the experi-

mental wake geometry has not been found to be completely repeatable.

Figure 2 shows a top view (in the TPP) and a side view of the tip
vortex of one blade of a two-bladed rotor for two different ex-
perimental wake geometries and rigid wake, all for the standard
case. It can be seen that the two typical test results have the
same general character but differ in detail. One of these test

r sults is used for comparison with the theoretical wake geometry
in Figs. 3 through 8. When comparing theory and experiment it will
be necessary to look for the same kind of agreement in general
character rather than complete, detailed agreement because of this
uncertainty in the experimental results.

The theoretical calculations whose results are presented
here (Figs. 3 through 8) have all used m = 2, M = 3, and 4¢ = 15
degs, chosen from experience with previous wake geometry programs.
These results are intended to illustrate the effects of various
approximations and parameters on the calculated wake geometry.
Figures 3 through 8 all compare a theoretical result with an ex-
perimental (test) result and with a A = 0.04 rigid wake.

It should be noted that while the figures all show the wake
geometry when the blade 1s at ¢ = 345 degs for comparison with
experiment,the geometry changes as the blade takes different
azimuth positions. Thus a complete description of the wake geo-
metry would require a separate figure for every blade azimuth
position 0 < ¢ < 2n. The computer calculation necessarlly gen-
erates the information needed to construct such plots every Ay
(15 deg) but they are not presented here.

Figures 3, 4, and 5 show the effect of varying n, on the
calculated wake geometry. They all represent essentially con-
verged solutions, use a nondimensional vortex core radlus Po =
0.05, neglect bound vorticity, and assume a constant strength
trailing wake (yt = 1,0), which implies no shed wake (ys = 0.0).

12
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Figure 3 presents the results of the fourth iteration, n, = 2;
Fig. 4 presents the results of the fifth iteration, n, = 6, and
Fig. £ presents the results of the fifth iteration n, = 12. Note
that the n, = 2 case required one less iteration for convergence.
convergence 1s determined by comparing the plotted results of
successlive iterations and hence is somewhat subjective. The total
running time on the MIT Computation Center's IBM 7094 to produce
the final, converged results was approximately:

! {2 | 6 |12
Computer Time (min.) § 56 | 25 | 11

Comparing Figs. 3, 4, and 5 it is seen that n, = 2, and n, = 6
give very similar results, especially in the side view, while
n, = 12 gives somewhat different results, notably in the side

view. In the n, = 12 case part of the wake is predicted to be

much closer to the TPP than it should be or than predicted by

n, = 2 and n, = 6. Thus n, = 6 is recommended to obtain acceptable
accuracy for most purposes while requiring less than 1/2 as much

computer running time as the n, = 2 case.

It might be argued that, since the tip vortex is by far
the most important part of the vortex wake, perhaps the rest of
the vortex wake can be neglected, at least for the purpose of
computing the geometry of the tip vortex. This has been tried and
Fig. 6 shows the result of the third iteration, n, = 2, Po = 0.05,
Y T 1.0, Yg = 0.0, with bound vorticity neglected, and with
2 = 1.0 only instead of the usual 2 = 1.0 and 0.5. This result has
not converged and comparison with the second iteration (not pre-
sented here) seems to indicate that it is diverging at least over
the part of the tip vortex farthest from the blade in azimuth.
In any case the results are sufficiently different from the & =
1.0 and 0.5 case (Fig. 3) to indicate that the inboard (& = 0.5)
vortex cannot be neglected.

Figure 7 shows the results of the second iteration, n, = 6,

13
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Po = 0.05, including bound vorticity and with the ' and Yq de-
termined by a rigid wake airloads calculation. Note that conver-
gence only required two iterations as compared to five for the

Ye T 1.0, Yg T 0.0 case. This is believed to be due to the damp-
ing effect of the shed wake. The total running time to conver-
gence on an IBM 7094 was approximately 13 minutes plus less than
one minute to compute the Ty and A Thus because of its much
faster convergence, this case requires less conputaticn to obtain
a converged result than the Y T 1.0, Yg T 0.0 case in spite of .
che greater computation required for each interation. Comparison
of this result (Fig. 7) with the Y, = 1.0, yg = 0 case (Fig. U4)
shows similar agreement with the test results.

Figure 8 presents tihe results of the same case as Fig. 7
but with Po = 0.00% instead of P = 0.05 to check the effect of
different tip vortex core radius estimates on the calculated wake
geometry. Comparison of these figures shows negligible difference,
which 1s fortunate since there is about an order of magnitude un-
certainty in Poe
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V. CONCLUSIONS AND RECOMMENDATIONS

The work reported here is continuing and this is a pre-
liminary report. At present, a reasonable model of the vortex
wake has been developed, a method of computing the geometry of
the tip vortex has been developed, and the relative importance of
various parameters and approximations used by this method has
been evaluated for one test case including comparison with an ex-
perimentally determined ftip vortex geometry. As a result of this
work some preliminary conclusions can be drawn and some sugges-
tions for further refinement of the vortex wake model ard the
wake geometry computation procedure can be made.

1) Although the tip vortex is the dominant feature of the
vortex wake, s e representation of the intoard trailing
vorticity must be included. _.his representation of the
inboard trailing vorticity can be fairly crude (for
example: a single vortex line trailing from the 50 per-
cent span point) and if it is, then the use of an a priori
specification of its geometry, such as the rigid wake ap-
proximation is entirely adequate. A possible improve-
ment over a single vortex trailing from the 50 percent
span point, which has not been tried yet, would be a
set of rectangular trailing vortex sheets trailed at
constant (spanwise) strength between, for example, the
30 percent span roint and the 70 percent span point.

The downstream cimension of the rectangles might be
taken as 0.5R A4 or 0.7R 4¢. This would imply some
overlapping and/or gaps betweeil the vortex sheets
but it should still be a better model than a single
trailing vortex line without requiring as much extra
computation as multiple trailing vortex lines.

2) The effects of a time varying trailing wake circula-
tion and the corresponding shed wake should be included.

15
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The current model which accumulates the shed wake in a
series of line vortices joining the corners of the
trailing wake model (see Fig. 1) is adequate but a
possible improvement,which has not been tried yet,
would be a set of rectangular shed vortex sheets
similar to the trailling vortex sheets mentioned above.

3) The calculated vortex wake geometry is very insensi-
tive to the estimated vortex core size and any vortex
core radius from 1.0 to 0.1 chord gives essentially
the same results.

4) For the updating interval used in the wake distortion
calculation, ny (see Page 10), a value of n, = 6 is a
good compromise between computation time and accuracy.

A great deal remains to be done. Although the current
computer program requires less than 15 min running time on an
IBM 7094 for a two-blade case, considerable improvement in this
respect 1is still required before extensive application of this
technique becomes practical. A promising way of improving the
current computational procedure, which is now being tried, is to
revise the method of determining when the wake distortion used
for computing induced velocities (5%') is updated to the latest
calculated wake distortion (3). This 1is currently done at fixed
times whenever the 2 blade advances n1A¢ (see Pages 10 and 36).
It is proposed to keep track of the distortion accumulated at
each azimuth angle (¢) since the last updating of'§7' for that y.
Whenever the magnitude of this accumulated distortion exceeds
some I{E}t (DL) then'ﬁﬁ' at that ¢ only would be updated to the
latest D. DL is a parameter similar in function, but not in magni-
tude, to n, in the current program. The best value to use for
D will have to be determined by trial in a manner similar to the
determination of n, = 6 as a good compromise in the Results sec-
tion of this report. Just how much reduction in running time will

16




BACKA/A N

i | Sl

result from this new refinement :mains to be seenlbut it 1s ex-
pected to be considerable.

An alternate way to reduce the computational effort re-
quired to obtain the wake geometry and, if feasible, the most
useful approach for practical applications would be to develop a
quasi-empirical way of obtalning an a priori specification of the
wake geometry, in effect a better rigid wake approximation. This
could be developed by building ur experience as to what kind of
wake geometries can be expected in various flight conditions,
using both experimental data from flow visualization studies and
theoretical results obtained by computations similar to those
described in thils report. Then using physical reasoning, plus
perhaps some simple analytical approximations, the desired speci-
fication of the wake geometry woul ' be developed.

Since the wake geometry is only important to the extent
that it influences the airloads on the rotor (or fuselage) a
study of the influence of the wake geometry on the airloads is
necessary. This will determine just how good a quasi-empirical
specification of the wake geometry must be and what portions of
the wake geometry are the most important. An experimental program
wnere the airloads on a rotor are measured by pressure transducers
at the same time as the geometry of the tip vortex is determined
by flow visualization would be very useful in support of this
effort.

A question which has not been considered here but which
is vital to a full understanding of rotor airloads and noise is that
of shorc range blade-vortex interaction. Due tc¢ wake distortion,
a rotor blade occasionally passes very near to or intersects the
tip vortex. This results in large airload peaks and considerable
amounts of very objectionable noise. It may also cause the
breakdown of the tip vortex locally with a resultant effect on
the airloads and the wake geometry. This problem is exceedingly

17




complex and will require the representation of the blade by a
lifting surface and probably the consideration of both viscosity

i and Mach number effects. The ultimate aim of work on this prob-
lem should be a good enough understanding of the problem to allow
the formulation of simple quasi-empirical approximations for the
airloads and noise generated by these interactions and to indicate
4 what happens to the vortex after such an interaction.
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APPENDIX
THE COMPUTATIONAL PROCZDURE

The vortex wake geometry can be broken up into two parts:
the basic geometry due to the motion, relative to the free stream,
of those portions of the rotor blades from which the wake is
trailed, and the wake distortion due to the velocity field in-
duced by the wake and the bound vorticity. This division of the
wake geometry 1s convenient since the basic geometry is easily
calculated for a given advance ratio (p = V/QR) and tip path
plane incidence relative to the free stream (i), see Fig. Al,
allowing effort to be concentrated on the calculation of the wake
distortion.

For the computation of the nondimensional wake distortion
(B) of point Pn on the vortex wake, a coordinate system is chosen
with its origin at the point where Pn would be if only the basic
geometry was considered. A right-handed axis system 1is defined
with the y axis and ?‘parallel to and in the opposite direction
from the line of rotor hub mgyion and parallel to the tip path
plane (TPP). The x axis and 1 are perpendicular to the y axis and
are parallel to the TPP. The z axis and'ﬁ are perpendicular to the
""PP and point downward (see Fig. Al). ?: 3: and'? are unit vectors.

Let the time at which the wake distortion of point Pn is
calculated be td. Let the time at which the element of vorticity
at point Pn was trailed be tn. Then at time tn point Pn was
located on a radial spanwise line from the center of the rotor
hub (representing the quarter-chord line of the blade), at a dis-
tance nR (n = 1.0 for the tip vortex), from the hub on the blade

with azimuth angle y(the n blade), where R 1s the rotor radius.

Consider a typical vortex segment, whose induced velocity
at Pn must be calculated. Let the time at which the last element
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of vorticity forming part of the vortex segment was trailed be
tz' If the lccation of this element of vorticity is labeled P2
then at time tz point Pg was located on a radial spanwise line
from the center of the rotor hub (representing the quarter-chord
line of th2 blade), at a distance 2R from the hub on the blade
with azimuth angle ¢(the 2 blade). Note that the first element
of this vortex segment was trailed at time t2 ~ A¢/9 when the

2 blade was at azimuth angle ¢-4¢ (2 = rotor angular velocity,

radians/sec).

Let the instantaneous angle between the n blade and the &
blade be ;. Then tn - t2 = (v + ¢ —¢)/9, for example.

The distortion, at time td’ of the element of the tip vor-
tex located at point Pn is a function of two variables. One is
the azimuth angle (¢) of point Pn at the instant of trailing (tn).
The other is the time since the element of vorticity was trailed
tg ~ tn = (¢' —y — )/, where ¢' is the azimuth angle of the 2
blade at time td.

number of turns of the wake (m) whose distortion is calculated

The range of (¢' — ¢ — ¢) is determined by the

0 < (¢' —¢ — ) < 2wm, while the range of ¢ is 0 < ¥ < 2m.

wady
The nondimensional total wake distortion (D) is the sum of
the nondimensional distortions due to the trailing wake (D ),
the shed wake (D ), and the bound vorticity (DBV)

D= D, + B, + D,

The wake dlstortion due to the trailing wake 1s the distor-
tion which accumulates in time A¢/Q due to the vortex trailed
from the 2th spanwise station on the ;th blade summed over time,
“oth ¢, and all g.

]

é
B #-¥-5)=2F L

aB(as ¥ ¢
+=¢+S+At¢ 1707 )
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The summation over ¢'' (time) represents the integration of the
induced velocity over time while the n blade moves from azimuth
angle ¢ at time tn to azimuth angle ¢' — ¢ at time td' This 1is
the same as the x blade moving from ¢ + ¢ to ¢'.

Similarly, the wake distortion due to the shed wake is the
distortion which accumulates during time 44¢/Q due to the shed

wake trailed by the ;th blade summed over time and all z.

¢ \
D.(¥ 6-v-3)= ). 2 4D, (5,¢,9)
> $=yrgrad

The nondimensional wake distort.on due to the bound vorticity is:

¢I
D $-¢-5)= 2 ) 4D, (5,%9)
eV 5 ¢=¢+s+09

Note that no sum over & is needed for the shed wake or the bound
vorticity since for the 22 case considered here there 1s only one
element of shed wake or bound vorticity at any azimuth (see Fig. 1).
In all three cases above,the sum on ¢'' starts at ¢y + ¢ + A¢

because at ¢'' = ¢ + ¢ no time has elapsed since Pn was trailed

and hence no distortion has occurred. Thus, when ¢' = ¢ + ¢, set
B(w, $' —y —¢) = 0 for all (0 <y < 2m).

Let the nondimensional induced velocity at point Pn at the
instant when the & blade has azimuth angle ¢'' due to the vortex
trailed from the £&! h p1ade be
ab(z,c,w,¢"). Assuming that the average'ﬁ in a time interval

A¢/Q 1s the average of the'a at the beginning and end of that

spanwlse statiocn on the ¢

time interval:
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where v 1s the blade semichord, Y.-' 2T b2 R and T 1s the
time average bound circulation. The nondimensional induced

velocity due to the individual vortex segments (?ft) is summed to

obtain 6; "

¢
AlLs,4¢)= 2. (49 §.(45,9,¢)
b=yi5-2wrMtad
where Yt(1:¢)= Q(l,@/ﬁ' and T, 1is the circulation of an

individual trailing vortex segment.

Averaging is not used for ":;l".e shed wake, therefore:
[ £he?
AD,(s,4,4)=Y, {g[ PR ALY, gs(s,‘h S‘)] Ad
$=¢+5-2TM
where Y!‘(‘*): E(¢)/,: s I‘s is the circulation and 'c'fs is

the nondimensional induced velocity of an individual shed vortex

segment.

For the bound vorticity no sum over ¢ is needed.

4B, (5,4,4")=-Y, 2—% Y, (0,4") 2 (s,4,4") 24

From Ref. 10, the induced velocity at point Pn due a vor-
tex segment of circulation T' is perpendicular to the plane formed
by the vortex segment and point Pn and has the magnitude
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[7 )[cos o+ cos B,
41R h/R (see Fig. A2). The induced velocity

nondimensionalized by (r/4sR) is then:

Deayea) 6b)2 ]

- (COS "‘"“3/3)_x I'&" + “‘;, ax b
= n= Y
£\ h/R cayx )| | 1axb

see Fig. A2.

—= -
Let T{t, )b.t’ and .ét be used to define Qe and ?s’ bs’ and ’c':‘s to

define 'Es. For the trailing wake:
XFX(I,(#} ) Y= 9(1, 4’))
2= 2(1,4) x=x(1,¢-24) 4= y (L, $-44)

and ? = Z(l ¢ ¢) Then from Fig. A2
a—x(1¢)L+ (2,4)) 42(1¢)k

]?. x(1¢A¢):_+5(1¢ ad)3 +2(14> mﬁ)k
at" 3 - bt For the ShLd wake: X = X(l°¢)
Y= 5(l°:¢) 2= 2(!0 4’) X X(OS 4,) ﬂ 3(05 ¢)

2, = 2(0.5, ‘H
Frot Fig. A2: Q "X“O ¢)t+g(|o¢)"+2“°l¢)k

_I

b= = x(0.5,4) 2 +4lo5,8)7 +2(0.5,8)k | Co= g - by

Let the nondimensional distortion of point P be
DZ DI2t+ DJZJ +DKZ]< and that of point P be
D3= DI3T + DI3j + DK3K .

From Fig. A3:
X(1,¢)=,Z sing — sin ¢ —f—DIZ‘DI’B)

3(l,¢)= ,[cos <f - coS’b‘f'/‘ (‘/}+S”¢)+DJZ"DJ3 .
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Reczlling that the tilt of the tip path plane relative to the
free stream (Fig. Al) causes a displacement of the wake in the
z direction of — ptani (¢+S—4 ) similar to the )I(Sl'/-f- S —¢)

term in the y(,[l¢) equation (recall: f?-— tl =(¢+5“¢)/J2, ) :

2(4,8)= -ptan 0 (P+5-9) + 2, (£~ 10) + DK2 - DK3,

where a_ is the coning angle (see Fig. Al).

> h . 162)x(-2)|

- <
Vhen R ‘-6' /°c point Pn is inside the Vortex_
core, where pcR is the radius of the core of the tip vortex and
a modified definitlon of Q is needed (see Page 6 ). First the

induced velcity ('c'fp ) at h/R = Pos the edge of the vortex core
c

is determined.
..__S'_‘__..{....__(.:L’__ A
;f’c“ /"c Jla)‘bl

ol

where C, = 'a‘l cos of = ‘
-
and cﬂzlblcas/e e S

The 1induced velocity (a) at a point inside the core can then be
written, assuming solid body rotation of the vortex core:

S \(“2) X (-i)l =

#7071 p. Fpe

As mentioned in the Vortex Wake Model section, the trailing
vortex segments 4¢ on either side of point Pn are considered
separately from the rest of the wake to include accurately the
effects of vortex core size. Reference 9 gives an expression
for the induced velocity, due to a circular arc vortex segment witn
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a finite core radius (pcR) and P, << 1, at one end of the vortex
arc. Put into our notation, this gives an expression for 6%

when 5=0, £=10 , and ¢= ¢+5 or ¢+3+A¢
s Ll el [A8)], 1] fEXE
oz {h[8(& )t ()] + 1 f (2

where -6‘7- Et (l'o) ¢+S+A¢)) EZ= -C; (1.0) ¢+S) )

IS, | SE = 2-(-3) —_—
= vetdor! | TS focusg
/ 2cos v/ ) 12 x (-2,)| )

As shown in Fig. Al, the radius of curvature (p) used is that
for a circular arc passed through the three end points (one of
— —
which is common) of ¢y and 2,
When ¢ =0 and ¢ = ¢ + ¢ point Pn is located on a shed
or bound vortex segment and since a straight line vortex in-

duces no velocity on itself d; = 0.

The key approximations used here to obtain more rapid com-
puter solutions are those involved in the specification of 55 and
53 the distortion of points P2 and Pn , respectively. When the
rigid wake approximation is used, this is straightforward. At
time td point P2 is located,using the rigid wake approximation:

P

C, .
PI2=D32-0, K2 - |z (47 9)
where -
=~ ytan i G,
)\—-"‘/.l an L t > /‘z*‘)\z
is the nondimensional, uniform inflow velocity, perpendicular to

the TPP, from momentum theory and CT is the thrust coefficient
of the rotor. At time ¢

d point Pn is located using the rigid
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wake approximation: C

DI3=0J3=0, DK2={ 2/ +7F‘ (¢-¢-5)

It may be helpful her° to recall that:

t, (¢ $)/n

t - fy (4" ¢ -5) /2

The method of determining D2 and D3 for the general case

when a nonrigid wake approximation may be used is best illus-
trated by an outline of the important steps in the wake distor-
tion computation.

1) Input the data including Bﬁ, which is the distortion
GS) output by the previous iteration. For the first
iteration, the rigid wake approximation is used to
define f;:

| T
DI l= D'J |=o , DK = 2 z+){2- »ﬁ, At
: F
where At is the time elapsed since the element of vor-
ticity whose distortion is to be approximated by 5’
was trailed from the rotor blade.

s
2) Define D'' as the distortion used to determine the

wake geometry used for induced velocity calculations.
Initially set 5%' = Eﬁ.

3) Set a counter n = 1

4)  Compute D(l}’ ¢ g- 5) for oL£yYser
and  (n- t)nA4>..(¢ -¢- s)énn,mﬁ

During this calculation D" remains unchanged which

implies that g,(.l 5,4’, ¢) for any given [ S ‘/’ ¢

combination will remain unchanged for all values of

o' such that (y_Yn ad £ (¢~ ¢-5) < nn, o¢
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843,99 = B(4,3,¥, $"40) + (45,4, ¢")
By, $-y-5)= DY, $-4-5-28)+ 5D (5,9, 4')

Which avoids recomputing all of the ;(1 g, ¢, (ﬁ)

and summing to get d(l s, W, ¢")
B(Q’ ¢ 4’— ) for each diff‘erent ¢'.

-3 ¢
5) Now update D Let-ﬁ"'(¢‘¢'-4"5) =D(‘/’, ‘f-‘P-S)
for 04 @421 and (n-1)n, 4 4 (¢'- Y- S) ¢ nm, a¢
6) If nn‘ A¢22WM end of iteration, otherwise continued.

and:

7) n=n-+1go to step 4. Now because Ik was changed in
step 5, all of the ?(1)51¢,¢) will have to be recomputed
in step 4. However, they need only be computed once
for each time step 4 1s reached (see the explanation of
this under step 4). From this description, it can be
seen that nl,which determines how often D!' is updated,
should be as large as possible (without compromising
convergence) to minimize the number of times '(':1L must be

recoumnuted.

Now BE and 5’5 can be computed. For locating point Pz
when ¢ = 0.5, the rigid wake approximation is always used.
For locating pomt P when £ = 1.0 and for locating point P
at all times D2 and D3 are calculated in terms of the D' and '5'7'
defined above. For 4 ¢ £ (n- 1))1 A¢ , Dir is equal to D and
should be a better approximation to the distortion than D' from
the previous iteration, therefore:

2= '67! (,¢-¢) for ¢'— ¢ & (T\-\)\'\, o .

i — —h

For (n-l)'ﬂ A¢ & ¢“¢-‘= Z‘ll"m D'' is still equal to D'.

A better approximation to the distortion in this range than just
using D' is to use D" for the distortion accurmulated in the

inttial (M=1)N; A®  tine interval and add the D' distortion
Je
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$-¢-(n-1)n, ad

accumulated in the last JL time interval;

therefore: . '

—d -1 - L} ) R

D2= D" (¢, (n-n, a9)+ D ($,4'-4)- D (¢ ,&r-1m 29)

| .
ror  (n-1)Nn,a¢ < ¢-¢ £ UM .
(]

For Zwvn‘&-é, the distortion is not calculated. The
distortion for this range is approximated by using the definition
above for the distortion accumulated in the initial anng/&l time

interval and the rigid wake approximation for the distortion
thereafter. Therefore,

DI2 (¢,4-¢)= D12 ($,21m)
D32 (,4-$) = DI2 (¢, 2wm)
DKZ (4,4-$) = DK2 (4, 2wm)

t (¢'-21m - ¢) {Z«’;{’i‘%}‘? ]

for 2tm < ¢"‘ ¢ ' .
since (n-1n, a¢ &(d)'-‘P-i) 4 )m,A?S , 03

is def*ned in a fashion sirilar to D2 in this range:

53= B (¥ (-dn,a)+ B' (¥, ¢ ¢-35) - B'(¢,(r-)n,84).

A few auxiliary ca :culations are needed to find some of
the inputs for the computational procedure outlined above. The
thrust coefficient (CT) is defined conventionally,

C.= T
T /WR‘(JZR}"

38




M Ukl oo

- \, T, Nt
where the thrust 1 =YW +D | o is the atmospheric density,

W is the weight of the aircraft and D is the drag. The tip path
plane incidence (i) can be estimated by: tan i '.\..'(D/w), especially
for low y where wake distortion is most important. The coning
angle (ao) can be estimated from uniform inflow thecory or from

a rigid wake airload calculation.

The time average, nondimensional, bound circulation (Y )

is found by requiring that the proper thrust (or C ) is developed.

The 1ift per unit span is L pVI‘ The thrust is

f fn RLJ'?oW’

where n, = number of blades In terms of time average values:

LepVele ma T= anRL. dy

Vo =y 2R wa  lo= ZWbRRY,
Recalling the definitions of C’l‘ and o, and the approximation
that there 1s constant circulation between n = .QI (normally
0.5) and 1.0 and zero circulation inboard:

“b ZBR Ha.o‘e avreca

0" e =
T!"Rz disk area

LR 2Th ARY. 9 2R Y 2
C =£f L/oer (R)*? 6{7': 2 (,—'er)

. ZCT
ST Ve

PP = o Y



A first estimate of the circulation of the vortex wake
neglects the higher harmonics and takes the time average
(zeroth harmonic) bound circulation (Po) as the circulation of
the trailing wake. This implies Ye T 1.0 and, conserving circu-
lation, Yg = 0.0.

An improved estimate of the vortex wake circulation can
be obtained from a time history of angle of attack (a) as cal-
culated by an airload calculation (either uniform inflow, rigid
wake, or the wake geometry from a previous iteration may be used
in this airload calculation). The angle of attack a(y,n) is
computed both as a function of azimuth angle y(time) and radial
station n. The 1ift per unit span is L = pVI or alteraately,

L:é— VZZBCL and CL"- o(%:i—‘: o &

Since " \/= aR (q+ psin ) and = 2wbnRY .

L= 2R (-7+/u sin) 2rbaRry

L= /oab (JLR)" ("l +/u sin 4’)20( .

The thfust of a given blade as a funct'lon of azimuth is

7;: j; LRJ’? » where n_ 1is the nondimensional root cutout.
Requirgng the Tb(¥0 developed by the model used here, which
assumes y(y) is constant from n = L1 (normally 0.5) to n = 1.0
(the blade tip) and zero inboard be equal to the Tb(w) computed
by the airloads calculation:

‘ 2 Lz _ ! ey 2 )V d
\J;fak(&R)(*[’rpsmll’)do(?_L/oZ BR(ﬂ»R)(m-/u w)Ydy

and

A

l |
Y(W)J(7+psin Q’)dv( = Z’.%. f(?%-)u sin l}/) d(‘[‘,"[)d?
2 N

4o




PRt e DS L b s gye S

f(7+/“...wu7 ( ) (1-2c) psing

{ . ) f7.(7+/4 sin«lf)z-((%’?) 0(’7
Yé("oz ¥)= 2wy, [%(l-l_: )+ ("'Iz),” sin W]

Then Y‘t<11 ) ¢) = “'Yt(l'o) ¢) and conserving circulation,

V(=Y (10, $+24) =Y, (10,4) .
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